
CHAPTER 3

How to Calculate Present Values

Answers to Practice Questions

1.

	a.
	PV = $100 ( 0.905 = $90.50
	

	b.
	PV = $100 ( 0.295 = $29.50
	

	c.
	PV = $100 ( 0.035 =  $ 3.50
	

	d.
	PV = $100 ( 0.893 = $89.30
	

	
	PV = $100 ( 0.797 = $79.70
	

	
	PV = $100 ( 0.712 = $71.20
	

	
	PV = $89.30 + $79.70 + $71.20 = $240.20


2.

	a.
	PV = $100 ( 4.279 = $427.90
	

	b.
	PV = $100 ( 4.580 = $458.00
	


c. We can think of cash flows in this problem as being the difference between two separate streams of cash flows.  The first stream is $100 per year received in years 1 through 12; the second is $100 per year paid in years 1 through 2.


The PV of $100 received in years 1 to 12 is:


PV = $100 ( [Annuity factor, 12 time periods, 9%]


PV = $100 ( [7.161] = $716.10


The PV of $100 paid in years 1 to 2 is:


PV = $100 ( [Annuity factor, 2 time periods, 9%]


PV = $100 ( [1.759] = $175.90

Therefore, the present value of $100 per year received in each of years 3 through 12 is: ($716.10 - $175.90) = $540.20.  (Alternatively, we can think of this as a 10‑year annuity starting in year 3.)

3.
a.

[image: image1.wmf]Þ

=

+

=

0.88

r

1

1

DF

1

1

so that r1 = 0.136 = 13.6%

b.
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c.
AF2 = DF1 + DF2 = 0.88 + 0.82 = 1.70

d. PV of an annuity = C ( [Annuity factor at r% for t years]


Here:

$24.49 = $10 ( [AF3]

AF3 = 2.45

e. AF3 = DF1 + DF2 + DF3 = AF2 + DF3
2.45 = 1.70 + DF3
DF3 = 0.75

4. The present value of the 10-year stream of cash inflows is (using Appendix Table 3): ($170,000 ( 5.216) = $886,720


Thus:



NPV = -$800,000 + $886,720 = +$86,720


At the end of five years, the factory’s value will be the present value of the five remaining $170,000 cash flows.  Again using Appendix Table 3:



PV = 170,000 ( 3.433 = $583,610

5.
a.
Let St  = salary in year t
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b. PV(salary) x 0.05 = $18,911.

Future value = $18,911 x (1.08)30 = $190,295

c. Annual payment = initial value ( annuity factor


20‑year annuity factor at 8 percent = 9.818


Annual payment = $190,295/9.818 = $19,382

6.


	Period
	Discount Factor
	Cash Flow
	Present Value

	0
	1.000
	-400,000
	-400,000

	1
	0.893
	+100,000
	+ 89,300

	2
	0.797
	+200,000
	+159,400

	3
	0.712
	+300,000
	+213,600

	
	
	Total = NPV = $62,300


7. We can break this down into several different cash flows, such that the sum of these separate cash flows is the total cash flow.  Then, the sum of the present values of the separate cash flows is the present value of the entire project.  All dollar figures are in millions.

· Cost of the ship is $8 million

PV = -$8 million

· Revenue is $5 million per year, operating expenses are $4 million.  Thus, operating cash flow is $1 million per year for 15 years.



PV = $1 million ( [Annuity factor at 8%, t = 15] = $1 million ( 8.559



PV = $8.559 million

· Major refits cost $2 million each, and will occur at times t = 5 and t = 10.



PV = -$2 million ( [Discount factor at 8%, t = 5]



PV = -$2 million ( [Discount factor at 8%, t = 10]



PV = -$2 million ( [0.681 + 0.463] = -$2.288 million

· Sale for scrap brings in revenue of $1.5 million at t = 15.



PV = $1.5 million ( [Discount factor at 8%, t = 15]



PV = $1.5 million ( [0.315] = $0.473


Adding these present values gives the present value of the entire project:



PV = -$8 million + $8.559 million - $2.288 million + $0.473 million



PV = -$1.256 million

8.
a.
PV = $100,000

b. PV = $180,000/1.125 = $102,137

c. PV = $11,400/0.12 = $95,000

d. PV = $19,000 ( [Annuity factor, 12%, t = 10]

PV = $19,000 ( 5.650 = $107,350

e. PV = $6,500/(0.12 - 0.05) = $92,857


Prize (d) is the most valuable because it has the highest present value.

9.
a.
Present value per play is:



PV = 1,250/(1.07)2 = $1,091.80



This is a gain of 9.18 percent per trial.  If x is the number of trials needed to become a millionaire, then:



(1,000)(1.0918)x = 1,000,000



Simplifying and then using logarithms, we find:



(1.0918)x = 1,000



x (ln 1.0918) = ln 1000



x = 78.65



Thus the number of trials required is 79.

b. (1 + r1) must be less than (1 + r2)2.  Thus:



DF1 = 1/(1 + r1)



must be larger (closer to 1.0) than:



DF2 = 1/(1 + r2)2
10.
Mr. Basset is buying a security worth $20,000 now.  That is its present value.  The unknown is the annual payment.  Using the present value of an annuity formula, we have:

	PV = C ( [Annuity factor, 8%, t = 12]

	20,000 = C ( 7.536

	C = $2,654


11. Assume the Turnips will put aside the same amount each year.  One approach to solving this problem is to find the present value of the cost of the boat and equate that to the present value of the money saved.  From this equation, we can solve for the amount to be put aside each year.

	PV(boat) = 20,000/(1.10)5 = $12,418

	PV(savings) = Annual savings ( [Annuity factor, 10%, t = 5]

	PV(savings) = Annual savings ( 3.791

	Because PV(savings) must equal PV(boat):

	Annual savings ( 3.791 = $12,418

	Annual savings = $3,276



Another approach is to find the value of the savings at the time the boat is purchased.  Because the amount in the savings account at the end of five years must be the price of the boat, or $20,000, we can solve for the amount to be put aside each year.  If x is the amount to be put aside each year, then:

	x(1.10)4 + x(1.10)3 + x(1.10)2  + x(1.10)1 + x =
	 $20,000

	x(1.464 + 1.331 + 1.210 + 1.10 + 1) =
	 $20,000

	x(6.105) =
	 $20,000

	x =
	 $ 3,276


12. The fact that Kangaroo Autos is offering “free credit” tells us what the cash payments are; it does not change the fact that money has time value.  A 10 percent annual rate of interest is equivalent to a monthly rate of 0.83 percent:



rmonthly = rannual /12 = 0.10/12 = 0.0083 = 0.83%


The present value of the payments to Kangaroo Autos is:



$1000 + $300 ( [Annuity factor, 0.83%, t = 30]


Because this interest rate is not in our tables, we use the formula in the text to find the annuity factor:
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A car from Turtle Motors costs $9,000 cash.  Therefore, Kangaroo Autos offers the better deal, i.e., the lower present value of cost.

13. The NPVs are:


at 5 percent
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at 10 percent
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at 15 percent
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The figure below shows that the project has zero NPV at about 12 percent.


As a check, NPV at 12 percent is:[image: image37.wmf]-20
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14.
a.
Future value = $100 + (15 ( $10) = $250

b. FV = $100 ( (1.15)10 = $404.60

c. Let x equal the number of years required for the investment to double at 15 percent.  Then:




($100)(1.15)x = $200



Simplifying and then using logarithms, we find:




x (ln 1.15) = ln 2




x = 4.96



Therefore, it takes five years for money to double at 15% compound interest.  (We can also solve by using Appendix Table 2, and searching for the factor in the 15 percent column that is closest to 2.  This is 2.011, for five years.)

15.
a.
This calls for the growing perpetuity formula with a negative growth rate (g = -0.04):
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b. The pipeline’s value at year 20 (i.e., at t = 20), assuming its cash flows last forever, is:
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With C1 = $2 million, g = -0.04, and r = 0.10:
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Next, we convert this amount to PV today, and subtract it from the answer to Part (a):
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16. a.
This is the usual perpetuity, and hence:
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b. This is worth the PV of stream (a) plus the immediate payment of $100:


PV = $100 + $1,428.57 = $1,528.57

c. The continuously compounded equivalent to a 7 percent annually compounded rate is approximately 6.77 percent, because:


e0.0677 = 1.0700

Thus:
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Note that the pattern of payments in part (b) is more valuable than the pattern of payments in part (c).  It is preferable to receive cash flows at the start of every year than to spread the receipt of cash evenly over the year; with the former pattern of payment, you receive the cash more quickly.

17.
a.
PV = $100,000/0.08 = $1,250,000

b. PV = $100,000/(0.08 - 0.04) = $2,500,000


c.
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d. The continuously compounded equivalent to an 8 percent annually compounded rate is approximately 7.7 percent , because:


e0.0770 = 1.0800


Thus:




[image: image18.wmf]$1,020,284

(0.077)

1

0.077

1

$100,000

PV

)

(0.077)(20

=

ú

û

ù

ê

ë

é

´

-

´

=

e




(Alternatively, we could use Appendix Table 5 here.)  This result is greater than the answer in Part (c) because the endowment is now earning interest during the entire year.

18. To find the annual rate (r), we solve the following future value equation:

1,000 (1 + r)8 = 1,600


Solving algebraically, we find:



(1 + r)8 = 1.6



(1 + r) = (1.6)(1/8) = 1.0605



r = 0.0605 = 6.05%


The continuously compounded equivalent to a 6.05 percent annually compounded rate is approximately 5.87 percent, because:


e0.0587 = 1.0605

19. With annual compounding: FV = $100 ( (1.15)20 = $1,637

With continuous compounding: FV = $100 ( e(0.15)(20) = $2,009

20. One way to approach this problem is to solve for the present value of:

(1)
$100 per year for 10 years, and 

(2)
$100 per year in perpetuity, with the first cash flow at year 11

If this is a fair deal, these present values must be equal, and thus we can solve for the interest rate, r.

The present value of $100 per year for 10 years is:
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The present value, as of year 10, of $100 per year forever, with the first payment in year 11, is:

PV10 = $100/r

At t = 0, the present value of PV10 is:
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Equating these two expressions for present value, we have:
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Using trial and error or algebraic solution, we find that r = 7.18%.

21. Assume the amount invested is one dollar.

Let A represent the investment at 12 percent, compounded annually.

Let B represent the investment at 11.7 percent, compounded semiannually.

Let C represent the investment at 11.5 percent, compounded continuously.

After one year:



FVA = $1 ( (1 + 0.12)1
= $1.120



FVB = $1 ( (1 + 0.0585)2
= $1.120



FVC = $1 ( (e0.115(1)
= $1.122


After five years:



FVA = $1 ( (1 + 0.12)5
= $1.762



FVB = $1 ( (1 + 0.0585)10
= $1.766



FVC = $1 (  (e0.115(5)
= $1.777


After twenty years:



FVA = $1 ( (1 + 0.12)20
= $9.646



FVB = $1 ( (1 + 0.0585)40
= $9.719



FVC = $1 ( (e0.115( 20)
= $9.974


The preferred investment is C.

22. 1 + rnominal = (1 + rreal) ( (1 + inflation rate)

	Nominal Rate
	Inflation Rate
	Real Rate

	6.00%
	1.00%
	4.95%

	23.20%
	10.00%
	12.00%

	9.00%
	5.83%
	3.00%


23. 1 + rnominal = (1 + rreal) ( (1 + inflation rate)

	Approximate Real Rate
	Actual Real Rate
	Difference

	4.00%
	3.92%
	0.08%

	4.00%
	3.81%
	0.19%

	11.00%
	10.00%
	1.00%

	20.00%
	13.33%
	6.67%


24. The total elapsed time is 113 years.



At 5%:
FV = $100 ( (1 + 0.05)113 = $24,797



At 10%:
FV = $100 ( (1 + 0.10)113 = $4,757,441

25. Because the cash flows occur every six months, we use a six-month discount rate, here 8%/2, or 4%.  Thus:


PV = $100,000 + $100,000 ( [Annuity Factor, 4%, t = 9]


PV = $100,000 + $100,000 ( 7.435 = $843,500

26.
PVQB = $3 million ( [Annuity Factor, 10%, t  = 5]


PVQB = $3 million ( 3.791 = $11.373 million


PVRECEIVER = $4 million + $2 million ( [Annuity Factor, 10%, t = 5]


PVRECEIVER = $4 million + $2 million ( 3.791 = $11.582 million


Thus, the less famous receiver is better paid, despite press reports that the quarterback received a “$15 million contract,” while the receiver got a “$14 million contract.”

27. a.
Each installment is: $9,420,713/19 = $495,827



PV = $495,827 ( [Annuity Factor, 8%, t = 19]



PV = $495,827 ( 9.604 = $4,761,923


b.
If ERC is willing to pay $4.2 million, then:



$4,200,000 = $495,827 ( [Annuity Factor, x%, t = 19]


This implies that the annuity factor is 8.471, so that, using the annuity table for 19 times periods, we find that the interest rate is about 10 percent.

28. This is an annuity problem with the present value of the annuity equal to $2 million (as of your retirement date), and the interest rate equal to 8 percent, with 15 time periods.  Thus, your annual level of expenditure (C) is determined as follows:



$2,000,000 = C ( [Annuity Factor, 8%, t = 15]



$2,000,000 = C ( 8.559



C = $233,672


With an inflation rate of 4 percent per year, we will still accumulate $2 million as of our retirement date.  However, because we want to spend a constant amount per year in real terms (R, constant for all t), the nominal amount (C t ) must increase each year.  For each year t:



R = C t  /(1 + inflation rate)t

Therefore:



PV [all C t ] = PV [all R ( (1 + inflation rate)t] = $2,000,000
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R ( [0.9630 + 0.9273 +  .  .  .  + 0.5677] = $2,000,000



R ( 11.2390 = $2,000,000



R = $177,952


Thus C1 = ($177,952 ( 1.04) = $185,070, C2 = $192,473, etc.

29.
First, with nominal cash flows:

a. The nominal cash flows form a growing perpetuity at the rate of inflation, 4%.  Thus, the cash flow in 1 year will be $416,000 and:


PV = $416,000/(0.10 - 0.04) = $6,933,333

b. The nominal cash flows form a growing annuity for 20 years, with an additional payment of $5 million at year 20:
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Second, with real cash flows:

a. Here, the real cash flows are $400,000 per year in perpetuity, and we can find the real rate (r) by solving the following equation:


(1 + 0.10) = (1 + r) ( (1.04) ( r = 0.0577 = 5.77%


PV = $400,000/(0.0577) = $6,932,409

b.
Now, the real cash flows are $400,000 per year for 20 years and $5 million (nominal) in 20 years.  In real terms, the $5 million dollar payment is:


$5,000,000/(1.04)20 = $2,281,935


Thus, the present value of the project is:
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[As noted in the statement of the problem, the answers agree, to within rounding errors.]

30. Let x be the fraction of Ms. Pool’s salary to be set aside each year.  At any point in the future, t, her real income will be:



($40,000)(1 + 0.02) t  


The real amount saved each year will be:



(x)($40,000)(1 + 0.02) t  


The present value of this amount is:
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Ms. Pool wants to have $500,000, in real terms, 30 years from now.  The present value of this amount (at a real rate of 5 percent) is:



$500,000/(1 + 0.05)30

Thus:[image: image39.wmf]å
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$115,688.72 = (x)($790,012.82)



x = 0.146

31.
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32.
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33. Using trial and error:


At r = 12.0%
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At r = 13.0%

[image: image30.wmf]$949.96

(1.13)

$1,000

(1.13)

$100

PV

2

2

1

t

t

=

+

=

Þ

å

=



At r = 12.5%
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At r = 12.4%
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Therefore, the yield to maturity is approximately 12.4%.

Challenge Questions
1.
a.
Using the Rule of 72, the time for money to double at 12 percent is 72/12, or 6 years.  More precisely, if x is the number of years for money to double, then:

(1.12)x = 2



Using logarithms, we find:




x (ln 1.12) = ln 2




x = 6.12 years

b. With continuous compounding for interest rate r and time period x:




e r x = 2



Taking the natural logarithm of each side:




r x = ln(2) = 0.693



Thus, if r is expressed as a percent, then x (the time for money to double) is: x = 69.3/(interest rate, in percent).

2. Spreadsheet exercise

3. Let P be the price per barrel.  Then, at any point in time t, the price is:



P (1 + 0.02) t 


The quantity produced is: 100,000 (1 - 0.04) t 


Thus revenue is:



100,000P ( [(1 + 0.02) ( (1 - 0.04)] t = 100,000P ( (1 - 0.021) t 


Hence, we can consider the revenue stream to be a perpetuity that grows at a negative rate of 2.1 percent per year.  At a discount rate of 8 percent:
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With P equal to $14, the present value is $13,861,386.

4.
Let
c = the cash flow at time 0



g = the growth rate in cash flows



r = the risk adjusted discount rate



PV = c(1 + g)(1 + r) -1 + c(1 + g)2(1 + r) -2 + . . . + c(1 + g)n(1 + r) -n

The expression on the right-hand side is the sum of a geometric progression (see Footnote 7) with first term: a = c(1 + g)(1 + r) -1

and common ratio: x = (1 + g)(1 + r) -1

Applying the formula for the sum of n terms of a geometric series, the PV is:
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5. The 7 percent U.S. Treasury bond (see text Section 3.5) matures in five years and provides a nominal cash flow of $70.00 per year.  Therefore, with an inflation rate of 2 percent:

	Year
	Nominal Cash Flow
	Real Cash Flow

	2002
	70.00
	70.00/(1.02)1 =   68.63

	2003
	70.00
	70.00/(1.02)2 =   67.28

	2004
	70.00
	70.00/(1.02)3 =   65.96

	2005
	70.00
	70.00/(1.02)4 =   64.67

	2006
	1,070.00
	1070.00/(1.02)5 = 969.13



With a nominal rate of 7 percent and an inflation rate of 2 percent, the real rate (r) is:



r = [(1.07/1.02) – 1] = 0.0490 = 4.90%


The present value of the bond, with nominal cash flows and a nominal rate, is:
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The present value of the bond, with real cash flows and a real rate, is:
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6. Spreadsheet exercise.
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