
CHAPTER 24

Valuing Debt

Answers to Practice Questions

1. Some reasons Fisher’s theory might not be true are:

a. Taxes are levied on nominal interest.  Therefore, if expected inflation is high, part of the tax is actually on the real principal.

b. Inflation may be associated with the level of real economic activity, which, in turn, may affect real interest rates.

c. It ignores uncertainty about inflation.

2. If expected real interest rates are negative, then individuals will be tempted to save by buying and storing real goods.  This forces the prices of goods up and the prices of securities down until real rates are no longer negative.

However, goods are costly to store and expensive to resell if you do not want them.  Some goods are impossible to store, e.g., haircuts and appendectomies.  Prices of these goods may be expected to rise faster than the interest rate.  Note also that it is difficult for a country on its own to maintain a very low real rate without imposing exchange controls on its citizens.

3. The key here is to find a combination of these two bonds (i.e., a portfolio of bonds) that has a cash flow only at t = 6.  Then, knowing the price of the portfolio and the cash flow at t = 6, we can calculate the 6-year spot rate.

We begin by specifying the cash flows of each bond and using these and their yields to calculate their current prices:

Investment
Yield
C1
. . .
C5
C6
Price

6% bond
12%
60
   . . .
60
1,060
$753.32

10% bond
8%
100
. . .
100
1,100
$1,092.46


From the cash flows in years one through five, it is clear that the required portfolio consists of one 6% bond minus 60% of one 10% bond, i.e., we should buy the equivalent of one 6% bond and sell the equivalent of 60% of one 10% bond.  This portfolio costs:

$753.32 – (0.6 ( $1,092.46) = $97.84

The cash flow for this portfolio is equal to zero for years one through five and, for year 6, is equal to:


$1,060 – (0.6 ( 1,100) = $400

Thus:

$97.84 ( (1 + r6)6 = 400



r6 = 0.265 = 26.5%

4. Downward sloping.  This is because high coupon bonds provide a greater proportion of their cash flows in the early years.  In essence, a high coupon bond is a ‘shorter’ bond than a low coupon bond of the same maturity.

5. Using the general relationship between spot and forward rates, we have:

(1 + r2)2
= (1 + r1) ( (1 + f2) =
 (1.060) ( (1.064)
(
r2 = 0.062 = 6.2%

(1 + r3)3
= (1 + r2)2 ( (1 + f3) =
 (1.062)2 ( (1.071)
(
r3 = 0.065 = 6.5%

(1 + r4)4
= (1 + r3)3 ( (1 + f4) =
 (1.065)3 ( (1.073)
(
r4 = 0.067 = 6.7%

(1 + r5)5
= (1 + r4)4 ( (1 + f5) =
 (1.067)4 ( (1.082)
(
r5 = 0.070 = 7.0%


If the expectations hypothesis holds, we can infer—from the fact that the forward rates are increasing—that spot interest rates are expected to increase in the future.

6. In order to lock in the currently existing forward rate for year five (f5), the firm should:

· Borrow the present value of $100 million.  Because this money will be received in four years, this borrowing is at the four-year spot rate:


r4 = 6.7%

· Invest this amount for five years, at the five-year spot rate: r5 = 7.0%

Thus, the cash flows are:



Today:
Borrow (100/1.067)4 = $77.151 million




Invest $77.151 million for 5 years at 7.0%




Net cash flow: Zero



In four years:
Repay loan: ($77.151 ( 1.0674) = $100 million dollars




Net cash flow: -$100 million



In five years:
Receive amount of investment:




($77.151 ( 1.0705) = $108.2 million




Net cash flow: +$108.2 million


Note that the cash flows from this strategy are exactly what one would expect from signing a contract today to invest $100 million in four years, for a time period of one year, at today’s forward rate for year 5 (8.2%).  With $108.2 million available, the firm can cover the payment of $107 million at t = 5.

7. We make use of the usual definition of the internal rate of return to calculate the yield to maturity for each bond.

5% Coupon Bond:
[image: image1.wmf]$992.79

(1.054)

1050

1.05

50

PV

2

=

+

=



r = 0.06930 = 6.930%

7% Coupon Bond:
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r = 0.06925 = 6.925%

12% Coupon Bond:
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r = 0.06910 = 6.910%

Assuming that the default risk is the same for each bond, one might be tempted to conclude that the bond with the highest yield is the best investment.  However, we know that the yield curve is rising (the spot rates are those found in Question 5) and that, because the bonds have different coupon rates, their durations are different.

5% Coupon Bond:
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7% Coupon Bond:
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12% Coupon Bond:
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Thus, the bond with the longest duration is also the bond with the highest yield to maturity.  This is precisely what is expected, given that the yield curve is rising.  We conclude that the bonds are equally attractive.

8. a. & b.

Year
Discount Factor

Forward Rate

1
1/1.05 = 0.952




2
1/(1.054)2 = 0.900
(1.0542 /1.05) – 1 = 0.058 = 5.8%

3
1/(1.057)3 = 0.847
(1.0573 /1.0542 ) – 1 = 0.063 = 6.3%

4
1/(1.059)4 = 0.795
(1.0594 /1.0573 ) – 1 = 0.065 = 6.5%

5
1/(1.060)5 = 0.747
(1.0605 /1.0594 ) – 1 = 0.064 = 6.4%


c.
1.
5%, two-year note:
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2. 5%, five-year note:
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3. 10%, five-year note:
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d. First, we calculate the yield for each of the two bonds.  For the 5% bond, this means solving for r in the following equation:
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r = 0.05964 = 5.964%



For the 10% bond:
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r = 0.05937 = 5.937%



The yield depends upon both the coupon payment and the spot rate at the time of the coupon payment.  The 10% bond has a slightly greater proportion of its total payments coming earlier, when interest rates are low, than does the 5% bond.  Thus, the yield of the 10% bond is slightly lower.

e. The yield to maturity on a five-year zero coupon bond is the five-year spot rate, here 6.00%.

f. First, we find the price of the five-year annuity, assuming that the annual payment is $1:
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Now we find the yield to maturity for this annuity:

[image: image23.wmf]2

t

3

2

r)

(1

1

r)

(1

1

r)

(1

1

r

1

1

r)

(1

S

÷

÷

ø

ö

ç

ç

è

æ

+

+

+

+

+

+

+

+

+

=

+

L

L





r = 0.0575 = 5.75%

g. The yield on the five-year Treasury note lies between the yield on a five-year zero-coupon bond and the yield on a 5-year annuity because the cash flows of the Treasury bond lie between the cash flows of these other two financial instruments.  That is, the annuity has fixed, equal payments, the zero-coupon bond has one payment at the end, and the bond’s payments are a combination of these.

9. A 6-year spot rate of 4.8 percent implies a negative forward rate:



(1.0486/1.065) - 1 = -0.01 = -1.0%

To make money, you could borrow $1,000 for 6 years at 4.8 percent and lend $990 for 5 years at 6 percent.  The future value of the amount borrowed is:


FV6 = $1,000 ( (1.048)6 = $1,324.85

The future value of the amount loaned is:


FV5 = $990 ( (1.06)5 = $1,324.84

This ensures enough money to repay the loan by holding cash over from year 5 to year 6, and provides an immediate $10 inflow.

The minimum sensible rate satisfies the condition that the forward rate is 0%:


(1 + r6)6/(1.06)5 = 1.00

This implies that r6 = 4.976 percent.

10.
a.
Under the expectations theory, the expected spot rate equals the forward rate, which is equal to:




(1.065/1.0594) - 1 = 0.064 = 6.4 percent

b. If the liquidity-preference theory is correct, the expected spot rate is less than 6.4 percent.

c. If the term structure contains an inflation uncertainty premium, the expected spot is less than 6.4 percent.

11.
In general, yield changes have the greatest impact on long-maturity, low-coupon bonds.

12. It may be upward sloping because short-term rates are expected to rise or because long-term bonds are more risky.   A sensible starting position is to assume that all debt is fairly priced.

13. [Note: The duration stated in Section 24.3 is 4.574 years.  The table below provides a result that differs from this figure due to rounding.]

Year
Ct
PV @4.90%
Proportion of Value
Proportion of Value x Time

1
46.25
44.09
0.045
0.045

2
46.25
42.03
0.043
0.086

3
46.25
40.07
0.041
0.123

4
46.25
38.20
0.039
0.156

5
1046.25
823.68
0.834
4.170

Totals
988.07

4.580

14. The duration of a perpetual bond is: [(1 + yield)/yield]


The duration of a perpetual bond with a yield of 5% is:



D5 = 1.05/0.05 = 21 years


The duration of a perpetual bond yielding 10% is:



D10 = 1.10/0.10 = 11 years


Because the duration of a zero-coupon bond is equal to its maturity, the 15-year zero-coupon bond has a duration of 15 years.


Thus, comparing the 5% bond and the zero-coupon bond, the 5% bond has the longer duration.  Comparing the 10% bond and the zero, the zero has a longer duration.

15. The formula for the duration of a level annuity is:
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Also, we know that:
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This tells us that a 1% variation in the interest rate will cause the contract’s value to change by 2.60%.  On average, then, a 0.5% increase in yield will cause the contract’s value to fall by 1.30%.  The present value of the annuity is $583,448 so the value of the contract decreases by: (0.0130 ( $583,448) = $7,585

16. If interest rates rise and the medium-term bond price decreases to $90.75 instead of $95, then it will be underpriced relative to the short-term and long-term bonds.  Investors would buy the medium-term bond at the low price in order to gain from the difference between its value and its price.  This will increase the price and decrease the yield.  If the bond price increased to $115.50 instead of $111.50, investors would sell the medium-term bond because it is overpriced relative to the short-term and long-term bonds.

17. The value of a corporate bond can be thought of as the value of a risk-free bond minus the value of a put option on the firm’s assets.  The value of the safe bond depends on risk-free spot rates.  The value of the put decreases as the value of the assets increases relative to the exercise price.  The value of the put also decreases with increases in the interest rate, and increases with increases in the volatility of the stock.  Other factors that determine the yield on corporate bonds are: differences in features (e.g., call or put provisions), differences in tax treatment and differences among countries.

18. If the floating rate debt is risk free, then the price should vary only if the interest rate on the bond is not reset continuously.  However, the value of risky debt will also vary as the value of the default option varies.

19. The value of Company A’s zero-coupon bond depends only on the ten-year spot rate.  In order to value Company B’s ten-year coupon bond, each coupon interest payment must be discounted at the appropriate spot rate.  This is not complicated if the term structure is flat so that all spot rates are the same.  However, it can cause difficulties when long-term rates are very different from short-term rates.

20. If Company X has successfully matched the terms of its assets and liabilities, the payment of $150 may be reasonably assured while the $50 is considerably smaller and not due until the distant future.  Company Y has a relatively large amount due in an intermediate time frame.  Thus, the risk exposure of Company Y to future events may be greater than that for Company X.

Challenge Questions
1. The statement that the nominal interest rate equals the real rate plus the expected inflation rate is a tautology.  Fisher’s hypothesis is that changes in the inflation rate do not change the expected real rate; in other words, the two variables fluctuate independently.

2. Arbitrage opportunities can be identified by finding situations where the implied forward rates or spot rates are different.

We begin with the shortest-term bond, Bond G, which has a two-year maturity. Since G is a zero-coupon bond, we determine the two-year spot rate directly by finding the yield for Bond G.  The yield is 9.5 percent, so the implied two-year spot rate (r2) is 9.5 percent.  Using the same approach for Bond A, we find that the three-year spot rate (r3) is 10.0 percent.

Next we use Bonds B and D to find the four-year spot rate.  The following position in these bonds provides a cash payoff only in year four:

a long position in two of Bond B and a short position in Bond D.

Cash flows for this position are:

[(-2 ( $842.30) + ($980.57)] = -$704.03 today;

[(2 ( $50) – ($100)] = $0 in years 1, 2 and 3; and,

[(2 ( $1050) – ($1100)] = $1000 in year 4.


We determine the four-year spot rate from this position as follows:
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r4 = 0.0917 = 9.17%

Next, we use r2, r3 and r4 with the one of the four-year coupon bonds to determine r1.  For Bond C:
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r1 = 0.3867 = 38.67%

Now, in order to determine whether arbitrage opportunities exist, we use these spot rates to value the remaining two four-year bonds.  This produces the following results: for Bond B, the present value is $854.55, and for Bond D, the present value is $1,005.07.  Since neither of these values equals the current market price of the respective bonds, arbitrage opportunities exist.  Similarly, the spot rates derived above produce the following values for the three-year bonds: $1,074.22 for Bond E and $912.77 for Bond F.

3. We begin with the definition of duration as applied to a bond with yield r and an annual payment of C in perpetuity
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We first simplify by dividing each term by C:
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The denominator is the present value of a perpetuity of $1 per year, which is equal to (1/r).  To simplify the numerator, we first denote the numerator S and then divide S by (1 + r):
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Note that this new quantity [S/(1 + r)] is equal to the square of denominator in the duration formula above, that is:
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Thus, for a perpetual bond paying C dollars per year:
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4. We begin with the definition of duration as applied to a common stock with yield r and dividends that grow at a constant rate g in perpetuity:
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We first simplify by dividing each term by [C(1 + g)]:
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The denominator is the present value of a growing perpetuity of $1 per year, which is equal to [1/(r - g)].  To simplify the numerator, we first denote the numerator S and then divide S by (1 + r):
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Note that this new quantity [S/(1 + r)] is equal to the square of denominator in the duration formula above, that is:
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Therefore:
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Thus, for a perpetual bond paying C dollars per year:
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5.
a.
We make use of the one-year Treasury bill information in order to determine the one-year spot rate as follows:
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r1 = 0.0700 = 7.00%



The following position provides a cash payoff only in year two:

a long position in twenty-five two-year bonds and a short position in one one-year Treasury bill.  Cash flows for this position are:

[(-25 ( $94.92) + (1 ( $93.46)] = -$2,279.54 today;

[(25 ( $4) – (1 ( $100)] = $0 in year 1; and,

(25 ( $104) = $2,600 in year 2.



We determine the two-year spot rate from this position as follows:
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r2 = 0.0680 = 6.80%



The forward rate f2 is computed as follows:




f2 = [(1 + 0.0680)2/1.0700] = 0.0660 = 6.60%



The following position provides a cash payoff only in year three:

a long position in the three-year bond and a short position equal to (8/104) times a package consisting of a one-year Treasury bill and a two-year bond.  Cash flows for this position are:

[(-1 ( $103.64) + (8/104) ( ($93.46 + $94.92)] = -$89.15 today;

[(1 ( $8) – (8/104) ( ($100 + $4)] = $0 in year 1;

[(1 ( $8) – (8/104) ( $104] = $0 in year 2; and, 

(1 ( $108) = $108 in year 3.



We determine the three-year spot rate from this position as follows:
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r3 = 0.0660 = 6.60%



The forward rate f3 is computed as follows:




f3 = [(1 + 0.0660)3/(1.0680)2] = 0.0620 = 6.20%

b. We make use of the spot and forward rates to calculate the price of the 4 percent coupon bond:
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The actual price of the bond ($950) is significantly greater than the price deduced using the spot and forward rates embedded in the prices of the other bonds ($931.01).  Hence, a profit opportunity exists.  In order to take advantage of this opportunity, one should sell the 4 percent coupon bond short and purchase the 8 percent coupon bond.

6.
a.
Let BS, BM and BL be the prices of the short-, medium- and long-term bonds, respectively.  Then, buying two medium-term bonds and short-selling one short-term bond gives the same payoffs as buying the long-term bond.  Therefore, BL = 2BM – BS = (2 ( 83) – 98 = $68


b.
Whether rates rise or fall, the short-term bond will be worth 100.  The price of the medium-term bond will decrease to $76.5 if rates rise and will increase to $93 if rates fall.  The price of the long-term bond will decrease to $53 if rates rise and will increase to $86 if rates fall.

c. The risk-neutral expectation is 2% per quarter, or, more precisely:



2/98 = 2.04% per quarter

d. Let p equal the probability of a rate decrease.  Then, if investors are risk-neutral:




83 + (10 ( p) + (1 – p) ( -6.5 = 83 ( 1.02

Solving, we find that: p = 0.4945 and (1 – p) = 0.5055

e. The expected return for the Treasury bill is 2%.  The expected return for the medium term bond is:


0.4945 ( (10/83) + 0.5055 ( (-6.5/83) = 0.02 = 2%

The expected return for the long-term bond is:


0.4945 ( (18/68) + 0.5055 ( (-15/68) = 0.02 = 2%

7. Newspaper exercise.  The price of the bonds should be higher if the government had guaranteed them.

8.
a.
It is difficult to charge for information because; you cannot stop one person from transmitting it to another for free.  The bond-rating services thus find it much easier to charge the companies, rather than the investors.

b. Start with a scenario in which no bonds are rated.  Companies with the highest quality bonds want to demonstrate that fact.  Once the highest quality bonds have been rated, companies with the highest quality bonds of those remaining have an incentive to demonstrate that their bonds are the best of the remainder.  And so on, until only the lowest quality bonds are left.  In essence, companies are willing to pay to have their bonds rated in order to alleviate investors’ fears that the bonds might be of even lower quality.

c. It follows from the answer to (b) that only companies with extremely poor quality bonds will not pay to have them rated.

9.
We can consider the value of equity to be the value of a call on the firm’s assets, with an exercise price equal to the payment due to the bondholders.  For Backwoods, the exercise price is $1,090.  Also:


P = 1200
( = 0.45
t = 1.0
rf = 0.09
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N(d1) = N(0.6302) = 0.7357



N(d2) = N(0.1802) = 0.5714



Call value = [N(d1) ( P] – [N(d2) ( PV(EX)]




 = [0.7357 ( 1200] – [0.5714 ( 1000)] = $311.44


Thus, the value of equity is $311.  With an asset market value of $1,200, the market value of debt is: ($1,200 - $311) = $889.

10. Backwoods will default if the market value of the assets one year from now is less than $1,090.  From Challenge Question 9, we know that the current value of the debt is $889.  Assuming that the debt earns the same return as the assets, then in one year the expected payoff is: ($889 ( ert ) = ($889 ( e0.10) = $982.50

Let x = the probability of default.  Then:


$982.50 = $1090 (1 – x) + $0 (x)


0.9014 = (1 – x)


x = 0.0986 = 9.86% probability of default
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